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Abstract: A few constitutive models for unsaturated soils have already been proposed, however, many classic models such as 
the Barcelona basic model can simulate neither complex volumetric soil behaviour (without forgetting its supreme merit of 
being the first consistently and rigorously formulated model) nor post-peak softening, and most advanced models generally 
comprise a large number of parameters making them more difficult to be applied to practical situations. In this paper, we present 
a new model for unsaturated soils based on an existing model developed originally for saturated soils. It comprises a minimum 
number of constitutive parameters. The extension to unsaturated state is achieved by following a general methodology 
previously developed in our laboratory. The capacities of this simple model are tested. With only 13 parameters, it can reproduce 
the basic behaviour of unsaturated soils such as rebound or collapse upon wetting, depending on the stress levels. It can also 
reproduce post-peak softening and transition from contractant to dilatant volumetric behaviour during undrained shear. Overall, 
the first tentative of validation gives a good correlation between simulations and experimental data, and shows encouraging 
signs for future developments. 
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1  Introduction 
 
The coexistence of three phases in unsaturated soils 
causes complex mechanical behaviours. Surface tension 
phenomena are generated by the difference between 
pore air pressure ua and pore water pressure uw. This 
difference, named suction s = ua  uw, creates an 
apparent attraction between soil particles. During 
wetting, the normal inter-particle contact forces are 
reduced. Depending on the stress level, this can induce 
either swelling at low stress levels or large contraction 
at high stress levels. This particular behaviour is one 
reason why it is now widely accepted that two 
independent stress variables, combining  ua and uw, 
are needed to describe the behaviour of unsaturated 
soils. 
The most commonly used couple in literatures 
consists of net stress net = Iua and suction s [1–3].  
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Another frequently used combination is effective stress 
  together with suction s [4–8]. Some authors such 
as Sheng et al. [9] proposed to call   the “constitutive 
stress” to distinguish it from Terzaghi’s effective stress. 
This effective stress will be presented later in detail. 
Most of these models were based on the basic 
Cam-Clay model, and kept the same limitations of 
their predecessor. They could not reproduce post-peak 
softening because it was impossible to cross the critical 
state line (CSL). They also failed to reproduce the 
complex volumetric behaviour of sands with 
contraction followed by dilation. 
To overcome the shortcomings mentioned above and 
to smooth the elastoplastic transition, a possible 
method is to use bounding surface plasticity as applied 
by Yu et al. [10, 11]. To our knowledge, the only model 
for unsaturated soils using bounding surface plasticity 
was developed by Russell and Khalili [8]. However, this 
model took into account particle crushing, making it 
complex and difficult to be applied to ordinary cases in 
soil mechanics. The objective of this paper is to present 
a new bounding surface plasticity model for unsaturated 
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soils with a small number of parameters so that it can 
overcome the drawbacks of classic models while 
simple enough to be applicable in practice. 
 
2  Effective stress 
 
2.1 Extension of the concept of effective stress 
The extension of Bardet’s model [11] to unsaturated 
soil is inspired from the work of Pereira et al. [12]. An 
effective stress   is firstly defined based on the 
equivalent pore pressure ( 1 : 
1'                                     (1) 
As for saturated soils, the knowledge of effective 
stress will determine completely the elastic strains. 
However, a second independent stress variable is 
needed to determine the elastoplastic strains. 
2.2 The equivalent pore pressure 
Dangla et al. [4, 6, 13–15] used different formulae to 
calculate the equivalent pore pressure. Following 
Pereira et al. [12], we adopt Dangla’s equivalent pore 
pressure [4, 16]: 
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The analytical formula proposed by Brooks and 
Corey [17] is chosen to calculate the degree of 
saturation Sl. This introduces two more parameters, se 
(the air-entry suction) and : 
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3  Bounding surface plasticity model 
for unsaturated soils  
 
3.1 Presentation of the model 
This paper presents a model for unsaturated soils 
based on Bardet’s model, developed originally for 
saturated sands. In this model, the concept of bounding 
surface plasticity is used, rendering the transition 
between elastic and elastoplastic behaviours. In fact, 
the plastic modulus depends on the distance  between 
the current stress state   and its image-point obtained 
by projection on a surface called bounding surface (Fig.1).  
The bounding surface itself evolves through a 
hardening mechanism that depends on the accumulated 
plastic strains. There are several ways to define the  
 
(a) General case. 
  
(b) Specific case: radial mapping. 
Fig.1 Illustration of bounding surface and loading surface 
in the (p', q) plane. 
 
stress image-point on the bounding surface via a 
translation vector  (Fig.1(a)). One frequently 
used method, leading to significant simplifications, 
is called radial mapping (Fig.1(b)). Further details 
on bounding surface plasticity can be found in 
Refs.[10, 18–22]. 
Bardet’s model was also based on the critical 
state concept and admitted the existence of a limit 
state line (LSL) in the (p', q) plane, which defined 
an upper bound to the stress ratio p q/p' 
(Fig.2, where  is a material parameter, A is the 
hardening variable depending on the plastic 
volumetric strains, and M is the slope of the 
saturated CSL).   
   
Fig.2 The bounding surface, critical and limit state lines in 
Bardet’s model. 
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To incorporate the suction effects into this plastic 
model, two elements must be taken into account 
(Fig.3). On one hand, the increase of strength is 
simulated by an enlarged bounding surface via the 
dependence of A on the suction s. On the other hand, 
we assume that the suction induces a translation of 
both CSL and LSL in the (p', q) plane by an amount q0 
depending on s. 
 
 
Fig.3 Modifications due to suction effects. 
 
We will limit ourselves to cylindrical symmetry and 
triaxial stress space in subsequent presentation. Classic 
notation of triaxial variables will be used for the mean 
and deviatoric effective stresses. In summary p, q and 
p  can be expressed as 
1 2 3
1 ( )
3
p         , 1 2q     , p qp        
(4) 
The conjugated variables in (p, q) plane are 
volumetric and deviatoric strains, p  and q  which 
are respectively defined as 
1 2 3p      , 1 223 ( )q                  (5) 
The total strain is assumed to be divided into elastic 
and plastic parts: 
e p
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In our model (Fig.4), the bounding surface is an 
ellipse in the (p', q) plane defined by 
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There are no enough experimental data at present to 
define precisely the suction-dependence of πM  and πA .  
 
  
Fig.4 BDNS model. 
 
Hence formulae covering the most general cases are 
conjectured. 
The stress image obtained by the radial mapping 
(Fig.1(b)) is given by 
πp' A , π πq xM A , 
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Using the consistent relation and the definitions of 
plastic multiplier and plastic modulus Hb, we get 
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The gradient of f contains 3 terms: 
T
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After some simple developments, the 3 components 
of the exterior normal at the image-point are given by 
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When the stress point is on the bounding surface, the 
plastic modulus is given by 
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where  is the volumetric deformability, and 0e  is the 
initial void ratio. 
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But when the stress point is inside the bounding 
surface, another term Hf  is added to Hb. The plastic 
modulus then becomes 
b fH H H                               (19) 
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where h0 is a material parameter.  
The plastic strains are given by 
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And the elastic strains can be defined by classic 
relations: 
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where is the Poisson’s ratio. With regard to current 
experimental data, the suction-dependence of A is 
assumed to take the following form: 
1 1( ) 1 ( )l el s k sS s   , 2 ( ) 0l s                 (24) 
The suction-dependence of the critical state is based 
on the formulae of Wheeler and Sivakumar [23]: 
0 2( ) ( ) ( )e l eq s k s s S M s                  (25) 
0 3( ) ( )l es k sS s                          (26) 
These functions will be reexamined when further 
advances in the experimental domain are available. 
3.2 The constitutive parameters 
In summary, the proposed model comprises 13 
material parameters. 8 parameters are necessary to 
define the behaviour at full saturation: (1) 2 elastic 
constants,  and . (2) 6 constants on plastic behaviour, 
of which three define the initial position of the 
bounding surface: , M and A0, 2 on the plastic 
modulus: p and h0, and one on the volumetric 
compressibility: 0. 5 other constants are needed to 
account for suction: (1) 2 constants, se and to define 
the water retention curve, information required to 
determine the equivalent pore pressure so that the 
effective stress can be obtained; (2) one constant, k1, to 
account for suction effects on the hardening parameter 
A; (3) another parameter, k2, to define the function 
q0(s); and (4) the last one, k3, to define the function 
(s). 
Compared with the classic Barcelona basic model [1] 
defined by 12 parameters, the present model requires 
two additional parameters for the saturated behaviour, 
while one less to account for suction effects. With one 
single additional parameter, this model is able to 
simulate substantially more complex material 
behaviour, in particular the gradual transition from 
contractant to dilatant behaviour during shearing as 
well as post-peak softening. 
Compared with some more advanced models such as 
CJS-NS model developed by Pereira et al. [7, 12] that 
counts 16 parameters, our model needs 3 parameters 
less, which is quite significant in terms of experimental 
measurements as well as parameter identification. 
Despite this difference, we shall see later that our 
model does not appear to suffer from any loss of 
precision. 
The model proposed by Russell and Khalili [8] 
shares a common theoretical foundation with the 
present model. As mentioned in the introduction, in its 
actual version, the model of Russell and Khalili [8] is 
intended to model grain-crashing and therefore 
substantially more sophisticated and more difficult to 
be applied to ordinary geotechnical problems, where 
the stress level is well-below the “crushing limit”. 
 
4  Model validation 
 
A simple computer program was developed under 
Matlab environment based on the proposed model. 
This program was used to simulate the unsaturated soil 
behaviour subjected to a few different loading histories. 
4.1 Post-peak and contractant-dilatant transition 
Extensive parametric studies were performed to 
check if the model could indeed reproduce all 
commonly observed fundamental behaviours on the 
unsaturated soils (wetting collapse, etc.). Figure 5 is an 
extract of this study, showing the evolution of     
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(b) 
Fig.5 Variations of deviatoric stress and volumetric strain during 
triaxial test at a constant suction according to model simulation, 
using 5 different values of p (s = 50 kPa, M=1.2). 
 
deviatoric stress and total volumetric strain during 
shearing at a constant suction, with 5 different values 
of p. It can be seen that the gradual transition from 
contractant to dilatant behaviour during shearing and 
post-peak softening is consistently reproduced. 
These results depend on the parameter p: a larger 
difference pM yields sharper peaks in deviatoric 
stress and volumetric strain. 
After qualitative verifications, the present model has 
to be compared with experimental data. Whereas many 
results can be found in literatures, the most consistent 
and comprehensive ones are, to the best of our 
knowledge, those obtained by Cui et al. [2, 24]. They 
performed an extensive series of triaxial compression 
tests at a constant suction on compacted Jossigny silt. 
We also compare the results of the present model with 
experimental data given by Russell and Khallili [8] on 
Kurnell sand. 
4.2 Comparison with experimental results on 
Jossigny silt 
Figure 6 presents typical experimental data from 
triaxial compression tests performed at confining pressures 
of 400 and 600 kPa. Results of simulation are 
superimposed with experimental data in these figures. 
Parameters used for the simulations are summarized in 
Table 1. 
Figure 6(a) shows the results at a confining pressure 
of 400 kPa and 3 different suctions: 200, 400 and 800 
kPa. The comparison shows a good agreement between 
experiments and simulations both for deviatoric stress 
and volumetric strain. 
Figure 6(b) presents the results of triaxial com- 
pression tests at a confining pressure of 600 kPa and 2  
 
 
  
 
(a) A confining pressure of 400 kPa. 
 
  
 
 
 
(b) A confining pressure of 600 kPa. 
Fig.6 Comparisons between experimental data and model 
predictions of deviatoric stress and volumetric strain at 
confining pressures of 400 and 600 kPa.  
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Table 1 Parameters used for simulations of Jossigny silt. 
   M Γ p h0 
0.09 0.125 2.2 1.2 0.62 1.2 2 
se (kPa)  k1 k2 k3 0 (kPa) 
15 2.1 2.5 2.7 0.05 14.25 
 
different suctions of 200 and 400 kPa. In these series, 
simulation results are close to experimental data, 
although the former seems slightly too stiff at low axial 
strains.  
In Fig.6, at high suctions, the theoretical model 
predicts higher deviatoric stresses than the 
experimental values. To minimize this difference, a 
more accurate function of A could be constructed 
using l2(s) (l2(s)  0). However, this would be at the 
cost of one or more additional parameters. 
4.3 Comparison with experimental results on 
Kurnell sand 
Russell and Khalili [8] performed an experiment on 
Kurnell sand using triaxial tests at controlled suctions. 
Confining pressures of 50 and 100 kPa were employed 
in tests on loose and dense sands, respectively, at 
suctions of 100 and 400 kPa. The experimental data are 
then compared with the model simulations presented in 
Fig.7. The used parameters are summarized in Table 2.  
Figure 7 shows a good agreement between 
experimental results and simulations. This confirms 
that the model can indeed reproduce the post-peak 
behaviour as well as the transition from contraction to 
dilation state. 
  
 
  
(a) A suction of 100 kPa. 
 
  
 
 
(b) A suction of 400 kPa. 
Fig.7 Comparisons between experimental data and model 
predictions of deviatoric stress and volumetric strain at suctions 
of 100 and 400 kPa. 
 
Table 2 Parameters used for simulation of Kurnell sand. 
   M Γ p h0 
0.006 0.3 0.7 1.6 1 1.9 5 
se (kPa)  k1 k2 k3 0 (kPa) 
6 0.2 5 5 0.1 15.1 
 
4.4 Comparison with CJS-NS model 
To complete the validation, a comparison is made 
between the proposed model with 13 parameters and 
the adaptation of CJS for unsaturated soils (CJS-NS) 
by Pereira et al. [7, 12]. This comparison is based on 
Cui’s triaxial test results [24] with a confining pressure 
of 100 kPa. 
Note that the parameters of the CJS-NS model are 
optimized only with respect to these triaxial tests. To 
make the comparison consistent, we therefore re- 
calibrated our model based on the same set of 
experimental data. Parameters used for the simulation 
are therefore different from those in Table 1. Figure 8 
shows that results of both models are consistent with 
the experimental data. While CJS-NS model presents a 
stiff transition from elastic to plastic behaviours, the 
gradual transition given by the bounding surface 
plasticity model shows its efficiency. Despite a smaller 
number of parameters, our model predicts accurately 
the volumetric strain and the stress-strain dependency. 
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 (b) 
Fig.8 Comparisons between simulation results from CJS-NS 
model and proposed model, together with experimental data 
from Cui [24] with a confining pressure of 100 kPa. 
  
5  Conclusions 
 
The model proposed in this paper is efficient due to 
its small number of parameters and the simplicity of 
experimental identification. Despite the minimal number 
of parameters required for its definition, numerical 
simulations show its capacity to predict complex 
behaviours such as post-peak softening and transition 
from contractant to dilatant volumetric behaviour. The 
comparison with experimental results confirms the 
capacity of the model to reproduce stress and strain 
evolution with reasonable accuracy. During the 
validation process, we notice a lack of extensive 
experiment, in particular those presenting transition 
from contractant to dilatant volumetric behaviour. To 
complete the existing experimental data and to achieve 
a more extensive validation of our model, tests on 
unsaturated Toyoura sand are in progress. Moreover, 
the water retention curve in general does not define a 
bijective relation between degree of saturation and 
suction, but forms a hysteresis between wetting and 
drying curves. To complete this model, this hysteretic 
effect will be incorporated. 
 
References 
 
[1] Alonso E E, Gens A, Josa A. A constitutive model for partially 
saturated soils. Geotechnique, 1990, 40 (3): 405–430. 
[2] Cui Y J, Delage P, Sultan N. An elastoplastic model for compacted 
soils. In: Proceedings of the First International Conference on 
Unsaturated Soils. Rotterdam: A. A. Balkema, 1995: 701–709. 
[3] Sheng D, Fredlund D G, Gens A. A new modeling approach for 
unsaturated soils using independent stress variables. Canadian 
Geotechnical Journal, 2008, 45 (4): 511–534. 
[4] Dangla P. Cours de DEA solide structure et systèmes mécaniques 
introduction à la mécanique des milieux poreux. [S.l.]: LCPC, 2001 (in 
French). 
[5] Loret B, Khalili N. A three-phase model for unsaturated soils. 
International Journal for Numerical and Analytical Methods in 
Geomechanics, 2000, 24 (11): 893–927. 
[6] Loret B, Khalili N. An effective stress elastoplastic model for 
unsaturated porous media. Mechanics of Materials, 2002, 34 (2): 97– 
116. 
[7] Pereira J M. Etude des couplages hydromécaniques et effets de non 
saturation dans les géomatériaux, application aux ouvrages souterrains. 
PhD Thesis. Lyon: Ecole Nationale des Travaux Publics de l’Etat 
(ENTPE), 2005 (in French). 
[8] Russell A R, Khalili N. A unified bounding surface plasticity model for 
unsaturated soils. International Journal for Numerical and Analytical 
Methods in Geomechanics, 2005, 30 (3): 181–212. 
[9] Sheng D, Sloan S W, Gens A. Finite elements formulation and 
algorithms for unsaturated soils, part I: theory. International Journal for 
Numerical and Analytical Methods in Geomechanics, 2003, 27 (9): 
745–765. 
[10] Yu H S. Plasticity and geotechnics. New York: Springer, 2006. 
[11] Bardet J P. Bounding surface plasticity model for sand. Journal of 
Engineering Mechanics, 1986, 112 (11): 1 198–1 217. 
Axial strain 1 
(a) 
D
ev
ia
to
ric
 st
re
ss
 q
 (k
Pa
)  
Axial strain 1 
Vo
lu
m
et
ric
 st
ra
in
  p 
142                                                 H. Wong et al. / Journal of Rock Mechanics and Geotechnical Engineering. 2010, 2 (2): 135–142  
 
[12] Pereira J M, Wong H, Dubujet H. Adaptation of existing behaviour 
models to unsaturated states: application to CJS model. International 
Journal for Numerical and Analytical Methods in Geomechanics, 2005, 
29 (11): 1 127–1 155. 
[13] Abou-Bekr N. Modélisation du comportement mécanique et 
hydraulique des sols partiellement saturés. PhD Thesis. Paris: Ecole 
Centrale, 1995 (in French). 
[14] Kohgo Y, Nakano M, Miyazaki T. Theoretical aspects of constitutive 
modeling for unsaturated soils. Soils and Foundations, 1993, 33 (4): 
49–63. 
[15] Kohgo Y, Nakano M, Miyazaki T. Verification of the generalized 
elastoplastic model for unsaturated soils. Soils and Foundations, 1993, 
33 (4): 64–73. 
[16] Coussy O, Dangla P. Approche énergétique du comportement des sols 
non saturés. In: Mécanique des Sols Non Saturés. Paris: Hermès 
Science, 2002 (in French). 
[17] Brooks R, Corey A. Hydraulic properties of porous media. Fort Collins: 
Colorado State University, 1964. 
[18] Dafalias Y F. Bounding surface plasticity I: mathematical foundation 
hypoplasticity. Journal of Engineering Mechanics, 1986, 112 (9): 966– 
987. 
[19] Dafalias Y F, Herrmann L R. Bounding surface plasticity II: application 
isotropic cohesive soils. Journal of Engineering Mechanics, 1986, 112 
(12): 1 263–1 291. 
[20] Manzari M T, Dafalias Y F. A critical state two-surface plasticity model 
for sands. Geotechnique, 1997, 47 (2): 255–272. 
[21] Crouch R S, Wolf J P, Dafalias Y F. Unified critical-state bounding- 
surface plasticity model for soil. Journal of Engineering Mechanics, 
1994, 120 (11): 2 251–2 270. 
[22] Russell A R, Khalili N. A bounding surface plasticity model for sands 
exhibiting particle crushing. Canadian Geotechnical Journal, 2004, 41 
(6): 1 179–1 192. 
[23] Wheeler S J, Sivakumar V. An elastoplastic critical state framework for 
unsaturated soil. Geotechnique, 1995, 45 (1): 35–53. 
[24] Cui Y J. Etude du comportement d’un limon compacté non saturé et de 
sa modélisation dans un cadre élasto-plastique. PhD Thesis. Paris: 
Centre d’Enseignement et de Recherche en Mécanique des Sols 
(CERMES), Ecole Nationale des Ponts et Chaussées, 1993 (in French).  
